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In this paper, we find, within the framework of perturbative QCD, that in deuteron-deuteron scattering
Bose-Einstein correlations, due to production of two-parton showers, induce azimuthal angle correlations
with three correlation lengths: the size of the deuteron (RD), the proton radius (RN), and the size of the
Balitski-Fadin-Kuraev-Lipatov (BFKL) Pomeron, which is closely related to the saturation momentum
(Rc ∼ 1=Qs). These correlations are independent of the values of rapidities of the produced gluons (long
range rapidity correlations) for large rapidities (ᾱSjy1 − y2j ≥ 1) and have no symmetry with respect to
ϕ → π − ϕ (pT1 → −pT1). Therefore, they give rise to vn for all values of n, not only for even values. The
contributions of the correlation lengths RD and RN crucially depend on the nonperturbative contributions,
and obtaining estimates of their values requires a lot of modeling, while the correlations with Rc ∼ 1=Qs

have a perturbative QCD origin and can be estimated in the color glass condensate approach.

DOI: 10.1103/PhysRevD.95.014034

I. INTRODUCTION

In this paper we continue to resurrect the old ideas of
Gribov Pomeron calculus, namely that Bose-Einstein
correlations lead to strong azimuthal angle correlations
[1], which do not depend on the rapidity difference between
measured hadrons [long range rapidity (LRR) correlations].
In the framework of QCD, these azimuthal correlations
stem from the production of two-parton showers and have
been rediscovered in Refs. [2,3]. In Ref. [4] it was
demonstrated that Bose-Einstein correlations generate vn
with even and odd n values, including values which are
close to the experimental values [5–15].
The goal of this paper is to show that the Bose-Einstein

correlations that have been discussed in Refs. [1,4]
arise naturally in the perturbative QCD approach together
with ones that have been considered in Refs. [2,3].
We believe that the qualitative difference between
these two approaches originates from different sources
of the Bose-Einstein correlations: the two-parton-shower
production in Refs. [1,4] and one-parton shower in
Refs. [2,3].
Here, we consider the azimuthal correlations for deu-

teron-deuteron scattering at high energy. It is well known
[16] (see also Ref. [17]), that Bose-Einstein correlations
provide a possibility to measure the volume of interaction
or, in other words, the typical sizes of the interaction.

Indeed, the general formula for the Bose-Einstein correla-
tions [16,17] takes the form

d2σ
dy1dy2d2pT1d2pT2

ðidentical gluonsÞ ∝ h1þ eirμQμi; ð1Þ

where averaging h…i includes the integration over rμ ¼
r1;μ − r2;μ. For the case of y1 ¼ y2, Qμ ¼ p1;μ − p2;μ

simplifies to Q≡ pT;12 ¼ pT1 − pT2,
One can see that Eq. (1) allows us to measure the typical

rμ for the interaction. For deuteron-deuteron scattering we
expect several typical r: the size of the deuteron RD, the
nucleon size RN , and the typical size, related to the
saturation scale (rsat ¼ 1=Qs, where Qs denotes the satu-
ration scale [18]). In our calculation we hope to see the
appearance of these scales.
It is well known that the total cross section for the

deuteron-deuteron scattering can be written in the form
σDD ¼ 4σNN − ΔσDD, where ΔσDD is the Glauber correc-
tion term [19], which is proportional to 1=R2

D, while σNN
denotes the total cross section of the nucleon-nucleon
interaction. Intuition suggests that the correlation radius
of the order of RD stems from the production due to the
Glauber correction term (see Fig. 1)
The production of two gluons is shown in Fig. 1(a) and

Fig. 1(b), where interference in the case of the generated
identical gluon leads to the correlation function of Eq. (1).
Generally speaking, the inclusive production of two gluons
with rapidities y1 and y2 and transverse momenta pT1 and
pT2 takes the form
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d2σ
dy1dy2d2pT1d2pT2

ðidentical gluonsÞ

¼ d2σ
dy1dy2d2pT1d2pT2

ðdifferent gluonsÞ
�

1|{z}
squared of diagrams

þ CðRcjpT1 − pT2jÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
interference diagram

�
: ð2Þ

In Eq. (2) Rc denotes the correlation radius (correlation length), and in the form of the correlation function, we anticipate
that the production of two-parton showers leads to the double inclusive cross section, which does not depend on rapidities
y1 and y2.

II. BORN APPROXIMATION

A. Bose-Einstein correlation function with radius ∝ RD

The simplest contribution in the Born approximation of perturbative QCD is shown in Fig. 2. The second diagram
describes the interference between two-parton showers shown in Fig. 1(b).
The analytical expressions take the following forms. For the diagram of Fig. 2(a), we have

d2σ
dy1dy2d2pT1d2pT2

ðFig:2ðaÞÞ

∝
Z

d2QTG2
DðQTÞ

Z
d2ktd2lT

�
IPðkT;−kT þ QTÞ

k2Tðk − p1Þ2T
ΓμðkT; pT1ÞΓμð−kT þ QT; pT1Þ

IPðkT − pT1;−kT þ pT1 þ QTÞ
ð−kþ QÞ2Tð−kþ p1 þ QÞ2T

�

×

�
IPðlT;−lT − QTÞ

l2Tðl − p2Þ2T
ΓνðlT; pT2ÞΓνð−lT − QT; pT2Þ

IPðlT − pT2;−lT þ pT2 − QTÞ
ð−l − QÞ2Tð−l þ p2 − QÞ2T

�
: ð3Þ

The interference diagram of Fig. 2(b) takes the following form

d2σ
dy1dy2d2pT1d2pT2

ðFig:2ðbÞÞ

∝
Z

d2QTGDðQTÞGDðQT þ pT;12Þ

×
Z

d2kTd2lT

�
IPðkT;−kT þ QTÞ

k2Tðk − p1Þ2T
ΓμðkT; pT1ÞΓμð−lT − QT; pT1Þ

IPðkT − pT1;−kT þ pT1 þ QTÞ
ð−l − QÞ2Tð−l þ p1 − QÞ2T

�

×

�
IPð~lT;−~lT − ~QTÞ

~l
2
Tð~l − ~p2Þ2T

ΓμðlT; pT2ÞΓμð−kT þ QT; pT2Þ
IPðlT − pT2;−lT þ pT2 − QTÞ
ð−kþ QÞ2Tð−kþ p2 þ QÞ2T

�
: ð4Þ

The Lipatov vertices Γμ have the forms (see Ref. [18] for example)

ΓμðkT; pT1Þ ¼
1

p2
T1

ðk2TpT1 − kTp2
T1Þ; ΓμðkT1; pT2Þ ¼

1

p2
T2

ðk2T1pT2 − kT1p2
T2Þ ð5Þ

2

+

(a)

(y   p   )2 T2

(b)

(y   p   )2 T2

(y , p    )1 T1 (y , p    )1 T1

FIG. 1. The two-parton-shower production that contributes to the Glauber correction term for deuteron-deuteron scattering. The wavy
lines describe the exchange of the BFKL Pomeron. Figure 1(a) and Fig. 1(b) show two diagrams that can interfere for identical gluons.
The dashed lines show the cut BFKL Pomeron [20].
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and

ΓμðkT;pT1ÞΓμðkT1;pT2Þ¼
k2T1ðkT −pT2Þ2

p2
T2

þk2TðkT1−pT1Þ2
p2
T1

−Q2
T −p2

T;12
k2Tk

2
T1

p2
T1p

2
T2
; ð6Þ

where pT;12 ¼ pT1 − pT2 and kT1 ¼ kT − QT . One can see
from Eq. (6) that

ΓμðkT; pT1ÞΓμðkT1; pT2Þ→
kT≪QT k2T

�
1þO

�
Q
pT1

;
kT
pT1

��

ΓμðkT; pT1ÞΓμðkT1; pT2Þ→
kT1≪QT k2T1

�
1þO

�
Q
pT2

;
kT1
pT2

��
:

ð7Þ

GDðQTÞ is equal to

GDðQTÞ ¼
Z

d2reir·QT jΨDðrÞj2; ð8Þ

where r denotes the distance between the proton and
the neutron in the deuteron. The impact factors
[IPðkT;−kT þ QTÞ and others in Eq. (3) and Eq. (4)]
determine the interaction of two gluons with the nucleon,
and their typical momenta are about 1=RN .
From Eq. (8) we can see that typical QT ∝ 1=RD, where

RD is the deuteron radius. In other words, QT [and
jQT þ pT;12j in Eq. (4)] turns out to be much smaller than
the values of kT and lT , which are determined by the size of
the nucleon (RN) kT ≈ lT ∼ 1=RN ≫ QTðjQT þ pT;12jÞ ∼
1=RD through the impact factors IP in Eq. (3) and
Eq. (4). The reason is that RD ≫ RN . Neglecting QT and
pT;12 in comparison with kT and lT , we can simplify Eq. (3)
and Eq. (4) to the form

d2σ
dy1dy2d2pT1d2pT2

ðFig:2ðaÞÞ þ d2σ
dy1dy2d2pT1d2pT2

ðFig:2 − bÞ

∝
1

p2
T1p

2
T2

Z
d2QT

�
G2

DðQTÞ þ
1

2ðN2
c − 1ÞGDðQTÞGDðQT þ pT;12Þ

�

×
Z

d2ktd2lT

�
IPðkT;−kTÞIPðkT − pT1;−kT þ pT1Þ

k2Tðk − p1Þ2T

�

×

�
IPðlT;−lTÞIPðlT − pT2;−lT þ pT2Þ

l2Tðl − p2Þ2T

�
: ð9Þ

In Eq. (9) we consider p1 ¼ p2 for the expressions in ð…Þ. Note that the interference diagram of Fig. 2(b) contributes
when the polarizations of the produced gluons are the same, this fact is reflected in Eq. (4) by the same indices of Lipatov
vertices. In Eq. (9) we replace

ΓμðkT; pT1ÞΓμð−lT − QT; pT1ÞΓμðlT; pT2ÞΓμð−kT þ QT; pT2Þ

→
1

2
ΓμðkT; pT1ÞΓμð−kT þ QT; pT2ÞΓνðlT; pT2ÞΓνð−lT − QT; pT1Þ ð10Þ

→
QT;pT;12≪kt;lT 1

2
ΓμðkT; pT1ÞΓμð−kT; pT1ÞΓνðlT; pT2ÞΓνð−lT; pT2Þ

¼ 1

2

1

p2
T1p

2
T2

k2Tðk − p1Þ2Tl2Tðl − p2Þ2T: ð11Þ

Factor 1=ðN2
c − 1Þ in Eq. (9) reflects that identical gluons

have the same colors (Nc is the number of colors).
Finally, the correlation function CðRcjpT1 − pT2jÞ in

Eq. (2) is equal to

CðRDpT;12Þ

¼ 1

2ðN2
C − 1Þ

R
d2QTGDðQTÞGDðjQT þ pT;12jÞR

d2QTG2
DðQTÞ

: ð12Þ

B. Bose-Einstein correlation function
with radius ∝ RN: Glauber corrections

In this subsection we show that the Glauber corrections
due to the interaction of one nucleon with two nucleons of
the deuteron, shown in Fig. 3, lead to a correlation radius of
the order ofRN . In the diagramof Fig. 3(a),QT is of the order
of 1=RD; therefore, it is much smaller that the typical values
of kT and lT , which are of the order of 1=RN . Hence, the
contribution of this diagram is similar to Eq. (9), namely,
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d2σ
dy1dy2d2pT1d2pT2

ðFig:3ðaÞÞ

∝
1

p2
T1p

2
T2

Z
d2QTGDðQTÞ

×
Z

d2kTd2lTIPðkT; lT;−lT;−kTÞ

×
IPðkT − pT1;−kT þ pT1ÞIPðlT − pT2;−lT þ pT2Þ

k2Tðk − p1Þ2T l2Tðl − p2Þ2T
:

Unfortunately, we cannot treat the impact factors IP
theoretically in the case of nucleons. The phenomenological

approach to IP has been discussed in Refs. [4,21], and we
will return to this below. For the moment we replace the
nucleon with the state of a heavy quark and antiquark
(onium) to study the key features of the impact factors
in the framework of perturbative QCD (see Fig. 4).
Introducing the form factor of the onium in the form

FðQTÞ ¼
Z

d2rei
1
2
QT ·rjΨoniumðrÞj2; ð13Þ

we can express the impact factor in the form

IPðkT;−kT þ QTÞ ¼ FðQTÞ − Fð2kT þ QTÞ; ð14Þ

k

l  k−  p1

Y

− k + Q T

0

p
1

− l − QT

p
2

  l −  p2

k

l  k−  p1

Y

− k + Q T

0

p
1

− l − QT

p
2

 −k+ p  + Q1 T

  l −  p2 T −l+ p  + Q2

T −l+ p  − Q1

 −k+ p  + Q2 T

G (Q )D T
G (Q )D T

G (Q )D T

(b)(a)

G  (Q   −  p   )D T 12

FIG. 2. The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 in the Born
Approximation of perturbative QCD. Figure 2(a) corresponds to the square of the diagrams of Fig. 1. The interference diagram of
Fig. 2(b) gives the correlation function CðRDjpT1 − pT2jÞ of Eq. (2). The solid lines denote nucleons in the deuterons, which are
specified by double lines.

k

l  k−  p1

Y

− k + Q T

0

p
1

− l − QT

p
2

  l −  p2

k

l  k−  p1

Y

− k + Q T

0

p
1

− l − QT

p
2

 −k+ p  + Q1 T

  l −  p2 T −l+ p  + Q2

T −l+ p  − Q1

 −k+ p  + Q2 T

G (Q )D T

I  (k, l, − l − Q ,−k  + Q )P T T

G (Q   − p   )D T 12

FIG. 3. The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 in the Born
Approximation of perturbative QCD. Figure. 3(a) corresponds to the square of the diagram of Fig. 1. The interference diagram of
Fig. 3(b) yields the correlation function CðRN jpT1 − pT2jÞ of Eq. (2). The solid lines denote nucleons in the deuterons, which are
illustrated by double lines.
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IPðkT; lT;−lT þQT;−kT þQTÞ
¼ 1þFð2QTÞ þFð2ðkT þ lTÞÞ þFð2ðkT − lT −QTÞÞ
−Fð2kTÞ−Fð2ðkT −QTÞÞ−Fð2lTÞ−Fð2ðlT þQTÞÞ:

ð15Þ
In Eq. (13) the impact factors are equal to

IPðkT;−kTÞ ¼ 1 − Fð2kTÞ;
IPðlT;−lTÞ ¼ 1 − Fð2lTÞ; ð16Þ

IPðkT; lT;−lT;−kTÞ ¼ 2þ Fð2ðkT þ lTÞÞ þ Fð2ðkT − lTÞÞ
− Fð2kTÞ − Fð2ðkTÞÞ
− Fð2lTÞ − Fð2ðlTÞÞ: ð17Þ

The integration over kT and lT leads to typical values of
kT ∼ 1=RN and lT ∼ 1=RN , and it does not generate
azimuthal angle correlations. Indeed, this is clear from
the following features of IP from Eq. (17):

RNkT ≪ 1;RNlT ≪ 1; IPðkT; lT;−lT;−kTÞ ∝ k2Tl
2
T ;

RNkT ≪ 1;RNlT ≫ 1; IPðkT; lT;−lT;−kTÞ ∝ k2T ;

RNkT ≫ 1;RNlT ≪ 1; IPðkT; lT;−lT;−kTÞ ∝ l2T ;

RNkT ≫ 1;RNlT ≫ 1; IPðkT; lT;−lT;−kTÞ ∝ 1: ð18Þ

In the diagram of Fig. 3(b) one can see that
GDðQT − p12Þ regulates that jQT − p12j is of the order of
1=RD. This means that we can put QT ¼ p12 in all parts of
diagrams, since the typical values of kT and lT are about
1=RN ≫ 1=RD. Therefore, the diagram of Fig. 3(b) can be
reduced to the form

d2σ
dy1dy2d2pT1d2pT2

ðFig:3ðbÞÞ∝ 1

p2
T1p

2
T2

Z
d2QTGDðQT −p12Þ

×
Z

d2kTd2lTIPðkT; lT;−lT −p12;−kT þp12ÞIPðkT −pT1;−kT þpT1ÞIPðlT −pT2;−lT þpT2Þ

×

��
1

ðk−p1Þ2Tðlþp12Þ2T
þ 1

k2Tðl−p2Þ2T

�
−

ðl−kþp12Þ2Tp2
T;1

k2Tðk−p1Þ2Tðl−p2Þ2Tðlþp12Þ2
�

×

��
1

ðl−p2Þ2Tðk−p12Þ2T
þ 1

l2Tðk−p1Þ2T

�
−

ðl−kþp12Þ2Tp2
T;2

l2Tðl−p2Þ2Tðk−p1Þ2Tðk−p12Þ2
�
: ð19Þ

The largest contributions to the integrals over kT and
lT lead to the logarithmically large terms, which are
proportional to ln ðp2

T1R
2
NÞ ln ðp2

T2R
2
NÞ. These contributions

stem from the terms which are proportional to
1=ððk − p1Þ2TÞ2 and to 1=ððl − p2Þ2TÞ2. We consider the
kinematic region in the integration over kT and lT ,
where kT − pT1 ≡ k1 → 0 and lT − pT2 ≡ l2 → 0. For
small k1 ≪ pT2 and l2 ≪ pT1, the product of curly brackets
is equal to

1

p2
T1

�
1

k21
þ 1

l21
−
ðk1 − l2Þ2

k21l
2
2

�
1

p2
T2

�
1

k21
þ 1

l21
−
ðk1 − l2Þ2

k21l
2
2

�

¼ 4ðk1 · l2Þ2
p2
T1p

2
T2k

4
1l

4
2

⟶
after integration over angle 2

p2
T1p

2
T2k

2
1l

2
2

: ð20Þ

For RNk1 ≪ 1, IPðkT − pT1;−kT þ pT1Þ ∝ k21, and the
integral over k1 gives a small contribution of the order of
1=ðR2

Np
2
T1Þ. Recall that we can use the perturbative QCD

I (k, −k +  Q  )  =P T −

k − k + QT k − k + QT

(a)

l

  +
−k+ QT

−l−QT

−l−QT

I  (k, l, − l + Q  , −k−Q )   =P T T k

l

  −
k −k+QT

−l−QT l

  −
k −k+ QT

−l−QT l

k −k QT

l

  +
k −k+ QT

−l−QT

(b)

FIG. 4. The impact factors for onium for RNkT > 1, RNlT > 1, and RNQT > 1. Figure 4(a) describes the interaction of two gluons
with the onium. Figure 4(b) shows the impact factor for the interaction of four gluons with the onium.
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approach only if RNpT1 ≫ 1 and RNpT2 ≫ 1. Therefore,
the main contribution occurs from the region of integration
ð1=R2

NÞ ≪ k1 ≪ pT2 and ð1=R2
NÞ ≪ l1 ≪ pT1. Integration

in this region leads to the contribution

d2σ
dy1dy2d2pT1d2pT2

ðFig:3ðbÞÞ

∝
1

p4
T1p

4
T2

ln ðp2
T1R

2
NÞ ln ðp2

T2R
2
NÞ

Z
d2QTGDðQT − p12Þ

× IPðpT1; pT2;−pT1;−pT2Þ: ð21Þ

Therefore, from this kinematic region the correlations are
determined by the impact factor. Using the impact factor
given in Eq. (15), we see that

IPðpT1;pT2;pT1;pT2Þ ¼ 2þFð2ðpT1 þ pT2ÞÞ
þFð2pT;12Þ− 2Fð2pT1Þ− 2FðpT2Þ:

ð22Þ

This function is symmetric with respect to ϕ → π − ϕ
(pT1 → −pT1), and with such an impact factor the Born
approximation produces only vn with even n, as was noted
in Ref. [2,3]. However, this conclusion is based on the
impact factor of Eq. (15). Equation (22) shows that this
impact factor leads to pT;12 ∼ 1=RN .

Note that the simple expression of Eq. (15) (see Fig. 4) is
written for sufficiently hard gluons. For small values of
QT ¼ pT;12, we need to add the first diagram of Fig. 5, in
which there are two gluons with large transverse momenta
(about pT1 or pT2) but small QT . The final expression for
the impact factor takes the form

IFPðkT; lT;−lT þ QT;−kT þ QTÞ
¼ IPðkT;−kT þ QTÞIPðlT;−lT − QTÞ
þ IPðkT; lT;−lT þ QT;−kT þ QTÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Eq: ð15Þ

: ð23Þ

The first term in Eq. (23) generates a correlation function
which is proportional to F2ð2pT;12Þ.
Summarizing, we see that the Born approximation of

perturbative QCD generates a correlation function which is
determined by the impact factor of the nucleon, that the
typical correlation length is about RN , and that, even for the
unrealistic perturbative model of onium, this correlation
function is not symmetric with respect to ϕ → π − ϕ. We
will consider the more realistic case below in the leading
log approximation (LLA) of perturbative QCD. However,
we would like to stress now that the correlation function
stems from the large nonperturbative distances of the order
of the nucleon size.

  +

l

−k+ QTk
I (k, l, − l + Q ,−k−Q )   =P T T

l

k −k+ QT

−l−QT −l−QT

F

FIG. 5. The impact factors for onium for RNkT > 1, RNlT > 1, and RNQT ≤ 1. The dashed lines denote the Coulomb gluons that form
the onium-bound state.

k

l  k−  p1

Y

− k + Q T

0

p
1

− l − QT

p
2

  l −  p2

k

l  k−  p1

Y

− k + Q T

0

p
1

− l − QT

p
2

 −k+ p  + Q1 T

  l −  p2 T −l+ p  + Q2

T −l+ p  − Q1

 −k+ p  + Q2 T

I 

(a) (b)

 (k, l, − l − Q ,−k  + Q )P T T

I  (k −p , l − p , − l −p + Q  ,−k  +p  + Q  )P 2 T 121 T

FIG. 6. The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 in the Born
Approximation of perturbative QCD for the nucleon-nucleon interaction. Figure 6(a) corresponds to the square of the diagrams of Fig. 1.
The interference diagram of Fig. 6(b) yields the correlation function CðRDjpT1 − pT2jÞ of Eq. (2). The solid lines denote nucleons in the
deuterons, which are illustrated by double lines.
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C. Bose-Einstein correlation function
with radius ∝ RN: Nucleon-nucleon

interaction

The correlations with Rc ¼ RN are typical for nucleon-
nucleon interaction (see Fig. 6 for the Born approximation
of perturbative QCD). However, we will consider them
below for the general case of the production of two-parton
showers since we prefer to use a more phenomenological
and realistic approach for the impact factors IP than
we explored above, replacing the nucleon with the onium
state.

III. PRODUCTION OF TWO-PARTON
SHOWERS

A. Rc ∝ RD

In this section we consider the general case of the
production of two-parton showers shown in Fig. 1. In
the leading log approximation of perturbative QCD, the
structure of a one-parton shower is described by the
Balitski-Fadin-Kuraev-Lipatov (BFKL) Pomeron [22,23].
In the leading log approximation of perturbative QCD the
Born diagram of Fig. 2(a) can be generalized to Fig. 7. The
contribution of this diagram can be written as follows:

d2σ
dy1dy2d2pT1d2pT2

ðFig:7Þ ¼
�
2πᾱS
CF

�
2 1

p2
T;1p

2
T2

Z
d2QTG2

DðQTÞ

×

�Z
d2kTϕN

GðY − y1; kT;−kT þ QTÞϕN
Gðy1; kT − pT1;−kT þ pT1 þ QTÞ

�

×

�Z
d2lTϕN

GðY − y2; lT;−lT − QTÞϕN
Gðy2; lT − pT2;−lT þ pT2 − QTÞ

�
; ð24Þ

where ϕN
Gðy; kT;−kT þ QTÞ denotes the probability to find a gluon with rapidity y and transverse momentum k⊥, in the

process with momentum transferred QT . In Eq. (24) ᾱS ¼ αSNc=π with the number of colors equal to Nc. ϕN
G are the

solutions of the BFKL evolution equation

∂ϕN
Gðy; kT;−kT þ QTÞ

∂y ¼ ᾱS

Z
d2k0T
2π

KðQT ; kT; k0TÞϕN
Gðy; k0T;−k0T þ QTÞ

− ðωGðQT − kTÞ þ ωGðkTÞÞϕN
Gðy; kT;−kT þ QTÞ; ð25Þ

where

KðQT; kT; k0TÞ ¼
1

ðkT − k0TÞ2
�
k2T
k02T

þ ðQT − kTÞ2
ðQT − k0TÞ2

−
ðkT − k0TÞ2

k02TðQT − k0TÞ2
�

ωGðkTÞ ¼
1

2
ᾱSk2T

Z
d2k0T
2π

1

k02TðkT − k0TÞ2
: ð26Þ

Y

0

(y , p  )
1 T1

k − k + Q T

(y , p  )
2 T2

l − l − Q T

Y

0

(y , p  )
1 T1(y , p  )

2 T2

k − k + Q T

− l − Q Tl

G(Q )T

 Q T

 Q T

 Q T

 Q T

FIG. 7. The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 for the exchange
of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 2(a). The solid lines denote
nucleons in the deuterons, which are indicated by double lines.
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The typical momenta in ϕN
G are about 1=RN or larger, (about pT1 (pT2), or Qs, where Qs denotes the saturation scale.

Bearing this in mind, and noting that QT ∼ 1=RD ≪ 1=RN , we can put QT ¼ 0 in the arguments of ϕN
G.

This simplifies Eq. (24), reducing it to the following expression:

d2σ
dy1dy2d2pT1d2pT2

ðFig:7Þ ¼ d2σ
dy1d2pT1

d2σ
dy2d2pT2

×
Z

d2QTG2
DðQTÞ: ð27Þ

The diagram of Fig. 2(b) in the LLA simplifies the expression for the exchange of two BFKL Pomerons, but with more
complicated vertices. Using Eq. (10) and considering ᾱSðy1 − y2Þ ≤ 1, we can write this exchange in the form that is
represented in Fig. 8, and its contribution has the following form:

d2σ
dy1dy2d2pT1d2pT2

ðFig:8Þ

¼ 1

2

�
2πᾱS
CF

�
2
Z

d2QTGDðQTÞGDðQT − pT;12Þ

×

�Z
d2kTϕN

GðY − y1; kT;−kT þ QTÞΓμðkT; pT1ÞΓμð−kT þ QT; pT2ÞϕN
Gðy2; kT − pT1;−kT þ pT2 þ QTÞ

�

×

�Z
d2lTϕN

GðY − y1; lT;−lT − QTÞΓμðlT; pT1ÞΓμð−lT − QT; pT2ÞϕN
Gðy2; lT − pT2;−lT þ pT1 − QTÞ

�
: ð28Þ

Since QT ∼ 1=RB ≪ 1=RN as well as jQT − pT;12j∼
1=RD ≪ 1=RN , we can take both QT ¼ 0 and pT;12 ¼ 0,
but it is not sufficient to reduce Eq. (28) to Eq. (12).
In addition, we need to assume that ᾱSðy1 − y2Þ ≤ 1.
Making this assumption, we can replace y2 in
ϕN
Gðy2; kT − pT1;−kT þ pT2 þ QTÞ with y1, and Y − y1 in

ϕN
GðY − y1; lT;−lT − QTÞ with Y − y2. After these changes,

Eq. (28) can be reduced to the following expression:

d2σ
dy1dy2d2pT1d2pT2

ðFig:8Þ

¼ d2σ
dy1d2pT1

d2σ
dy2d2pT2

Z
d2QTGDðQTÞGDðQT þ pT;12Þ:

ð29Þ

Eq. (27) and Eq. (29) lead to the same correlation function
[CðRDpT;12Þ] Eq. (12) as in the Born approximation.

Y

0

(y , p  )
1 T1

k
− k + Q T

G(Q )

l

− l − Q T

(y , p  )
2 T2

(y , p  )
1 T1

k
− k + Q T

Y

0

T

l

(y , p  )
2 T2

− l − Q T

QT QT

Q   − pT T,12 Q   − pT T,12

FIG. 8. The double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1 and pT2 for the exchange
of two BFKL Pomerons, which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 2(b). The solid lines denote
nucleons in the deuterons, which are represented by double lines.
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B. Rc ∝ RN

In LLA the diagrams of the Born approximation of Fig. 3 can be generalized in the same way as has been discussed
above. Figure 3(a) takes the form of Fig. 9, while the interference diagram of Fig. 3(b) becomes Fig. 10.
The contribution of the diagram of Fig. 9 can be written as follows:

d2σ
dy1dy2d2pT1d2pT2

ðFig:9Þ ¼
�
2πᾱS
CF

�
2 1

p2
T;1p

2
T2

Z
d2QTNðQTÞG2

DðQTÞ

×

�Z
d2kTϕN

GðY − y1; kT;−kT þ QTÞϕN
Gðy1; kT − pT1;−kT þ pT1 þ QTÞ

�

×

�Z
d2lTϕN

GðY − y2; lT;−lT − QTÞϕN
Gðy2; lT − pT2;−lT þ pT2 − QTÞ

�
; ð30Þ

whereNðQTÞ denotes the integral over all energies of the imaginary part of the Pomeron-nucleon scattering amplitude. This
amplitude was introduced in Gribov’s Pomeron calculus [25], but it has been proven that we can use this formalism in LLA
of perturbative QCD [26]. NðQTÞ has the following general form (see Fig. 11):

Y

0

(y , p  )
1 T1

k − k + Q T

(y , p  )
2 T2

l − l − Q T

Y

0

(y , p  )
1 T1(y , p  )

2 T2

k − k + Q T

− l − Q Tl

 Q T

 Q T

 Q T

 Q T

N(Q )T

FIG. 9. The Mueller diagram [24] for the double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta
pT1 and pT2 for the exchange of two BFKL Pomerons, which are denoted by wavy lines. This diagram is the LLA generalization of
Fig. 3(a). The solid lines denote nucleons in the deuterons, which are illustrated by double lines.

Y

0

(y , p  )
1 T1

k
− k + Q Tl

− l − Q T

(y , p  )
2 T2

(y , p  )
1 T1

k
− k + Q T

Y

0

l

(y , p  )
2 T2

− l − Q T

QT QT

N(Q )T

Q  −  pT T,12 Q   − pT T,12

FIG. 10. The Mueller diagram for the double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1
and pT2 for the exchange of two BFKL Pomerons, which are denoted by wavy lines. This diagram is the LLA generalization of Fig. 3(b).
The solid lines denote nucleons in the deuterons, which are illustrated by double lines.
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NðQTÞ ¼ g2ðQTÞ|fflfflffl{zfflfflffl}
elastic scattering

þ
XM0

Mi¼m

g2ðQT ;MiÞ
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
diffraction in low masses

þ
Z
M0

dM2

M2
ϕN
GðyM;QT ¼ 0; f…gÞG3PðQT; f…gÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
diffraction in high masses

; ð31Þ

where G3P is the triple BFKL Pomeron vertex, and f…g denotes all transverse momenta which we need to integrate
over. yM ¼ ln ðM2=M2

0Þ.
Figure 11(b) shows how all contributions correspond to the onium case, where we can use perturbative QCD for

theoretical estimates.
Since QT ∼ 1=RD ≪ 1.RN , and all other transverse momenta in Fig. 9 are either of the order of 1=RN or larger (of the

order of pT1,pT2 or Qs, where Qs is the saturation scale), we can safely put QT ¼ 0 and reduce this contribution to the
factorized form

d2σ
dy1dy2d2pT1d2pT2

ðFig:9Þ ¼ d2σ
dy1d2pT1

d2σ
dy2d2pT2

NðQT ¼ 0Þ
Z

d2QTGDðQTÞ: ð32Þ

The contribution of the relevant diagram, which is shown in Fig. 10, can be written in the form

d2σ
dy1dy2d2pT1d2pT2

ðFig:10Þ

¼ 1

2

�
2πᾱS
CF

�
2
Z

d2QTNðQTÞGDðQT − pT;12Þ

×

�Z
d2kTϕN

GðY − y1; kT;−kT þ QTÞΓμðkT; pT1ÞΓμð−kT þ QT; pT2ÞϕN
Gðy2; kT − pT1;−kT þ pT2 þ QTÞ

�

×
�Z

d2lTϕN
GðY − y1; lT;−lT − QTÞΓμðlT; pT1ÞΓμð−lT − QT; pT2ÞϕN

Gðy2; lT − pT2;−lT þ pT1 − QTÞ
�
: ð33Þ

Integration over QT leads to QT − pT;12 ∼ 1=RD ≪ 1=RN ; therefore, as in the Born approximation, we can put
QT ¼ pT;12. In Eq. (33) we have two sources of pT;12 behavior: NðpT;12Þ and ϕN

G. Replacing QT ¼ pT;12, we obtain

d2σ
dy1dy2d2pT1d2pT2

ðFig:10Þ

¼ 1

2

�
2πᾱS
CF

�
2
Z

d2QTNðpT;12ÞGDðQT − pT;12Þ

×

�Z
d2kTϕN

GðY − y1; kT;−kT þ pT;12Þ
1

k2TðkT − pT;12Þ2ðkT − pT;1Þ4
ϕN
Gðy2; kT − pT1;−kT þ pT1Þ

×

�ðkT − pT;12Þ2ðkT − pT;1Þ2
p2
T2

þ k2TðkT − pT;1 − pT;12Þ2
p1
T2

− p2
T;12 − p2

T;12
k2TðkT − pT;12Þ2

p1
T2p

2
T;2

��

×

�Z
d2lTϕN

GðY − y1; lT;−lT − pT;12Þ
1

l2TðlT þ pT;12Þ2ðlT − pT;2Þ4
ϕN
Gðy2; lT − pT2;−lT þ pT2Þ

×

�ðlT þ pT;12Þ2ðlT − pT;1Þ2
p2
T2

þ l2TðlT − pT;2Þ2
p1
T2

− p2
T;12 − p2

T;12
l2TðlT þ pT;12Þ2

p1
T2p

2
T;2

��
: ð34Þ

The products of GμGμ are written in Eq. (34) f…g explicitly using Eq. (6), and ϕN
D is the solution of Eq. (25). Recall that

ϕN
DðkT;−kT þ QTÞ vanishes both at kT → 0 and kT − QT → 0. Since the products of Gμ vanish at kT − pT1 → 0 or

lT − pT2 → 0, respectively, we can conclude that the integrals over kT and lT do not have large contributions at kT of the
order of pT1 and at lT of the order of pT2.
In the appendix we show that the typical value of QT for the BFKL Pomeron ϕN

GðY; k0T; kT; QTÞ is determined by the
smallest value of transverse momentum QT ∼minfk;T ; kTg. In our case this means that QT ¼ pT;12 ∼ 1=RN ≫ pT1 and/
or pT2.
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Therefore, we can rewrite Eq. (34) as follows:

d2σ
dy1dy2d2pT1d2pT2

ðFig:10Þ ¼ 1

2

�
2πᾱS
CF

�
2 1

p2
T1p

2
T2

Z
d2QTNðpT;12ÞGDðQT − pT;12Þ

×

�Z
d2kTϕN

GðY − y1; kT;−kTÞϕN
Gðy2; kT − pT1;−kT þ pT1Þ

�

×

�Z
d2lTϕN

GðY − y1; lT;−lTÞϕN
Gðy2; lT − pT2;−lT þ pT2Þ

�
: ð35Þ

In Eq. (35) we introduce ϕN
Gðkt;−kTÞ¼ ð1=k2TÞϕN

Gðkt;−kTÞ
[Eq. (34)]. Comparing Eq. (32) and Eq. (35), one can see
that the correlation function is equal to

CðR2
Np

2
T;12Þ ¼ Nðp2

12Þ ð36Þ
for ᾱSðy1 − y2Þ ≤ 1.
The three termsofNðQTÞ are shown inFig. 11(a). The first

contribution NðQTÞ ¼ g2ðQTÞ can easily be evaluated from
the differential elastic cross section, which is proportional to
g4ðQTÞ. Recall that theBFKLPomeron does not generate the
shrinkage of the diffraction peak seen in the experimental
data. This indicates that the exchange of the single BFKL
Pomeron is not sufficient to describe the high-energy
amplitude, and we need to use a more phenomenological
approach to describe the elastic contribution to the correla-
tion function (seeRef. [4], inwhichwe tried to describe these
correlations using a particular model for high-energy scatter-
ing, which is based on CGC/saturation approach).
For the onium, gðQTÞ can be calculated [see Fig. 11(b)

and Eq. (B5)] in the following way:

gðQTÞ ¼ VoniumðQTÞ

¼
Z

d2k0TIPðkT;−k0T þ QTÞVprðk0T;QTÞ

¼
Z

d2k0TðFðQTÞ − Fð2k0T − QTÞÞVpr
1
2

ðk0T ;QTÞ;

ð37Þ

where Vpr is determined by Eq. (B4). In Eq. (37)
k0T ∼ 1=RN ≪ kT . Assuming that FðQTÞ of Eq. (15) is
equal to 1=ð1þ R2

NQ
2
TÞ, we find that at large QT , gðRNQTÞ

decreases as 1=QT .
The second term of Fig. 11(b) can be evaluated from the

process of diffraction dissociation in the region of small
masses. However, we need to use a model for this term to be
able to extract itsQT dependence from the experimental data.
For example, we can replace the sum of possible produced
diffractive states with one state, as has been done in Ref. [4].
For the onium state, this term has the following form:

NdiffðQTÞ ¼
Z
d2k0T

Z
d2l0TIPðkT; lT;−lT þ QT;−kT þ QTÞ

× Vprðk0T ;QTÞVprðl0T ;QTÞ; ð38Þ

where IP is taken from Eq. (15).
Using Eq. (B4) we calculate NdiffðQTÞ which decreases

as 1=Q2
T at large QT .

C. Rc ∝ 1=Qs

The last term in Fig. 11(a) gives the contribution of large
mass production in the diffraction dissociation process. The
QT dependence of this term is determined by the triple
BFKL Pomeron vertex in perturbative QCD (see Fig. 12).
Therefore, this term generates correlations, whose length is

= + +N(Q )T

g(Q )T

elastic contribution low mass diffraction

large mass diffraction

(a)
QT

kT l

QT

T

=

QT

T

+

QT

T

+

QT

=

(b)

FIG. 11. The structure of the amplitude NðQTÞ. Figure 11(a)
shows the BFKL Pomeron-nucleon interaction, and Fig. 11(b)
shows the BFKL Pomeron-onium interactions. The blob shows
the triple BFKL Pomeron vertex which is the same for both
figures. The dashed vertical lines describe the Coulomb gluons
that create the bound state: onium.

(y , p  )
1 T1

Y
N(Q )T

k − k + Q T

0

l

(y , p  )
2 T2

− l − Q T

Q  −  pT T,12 Q   − pT T,12

QT
QT

Q   = 0T

y’

Y
N(Q )T

k
− k + Q T

0

l

(y , p  )
2 T2

− l − Q T

Q  −  pT T,12 Q   − pT T,12

QT QT

Q   = 0T

y’

(b)(a)

FIG. 12. The large mass diffraction contribution to NðQTÞ, the
source for the correlation length of about 1=Qs. The blue blob
denotes the triple BFKL Pomeron vertex. The red square
indicates the contribution of NðQTÞ, which includes the integra-
tion over rapidity y0. Figure 12(a) corresponds to the square of the
diagrams of Fig. 1. Figure 12(b) describes the interference term of
these diagrams.
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determined by the BFKL Pomeron structure, and it is
closely related to the typical saturation momentum Qs.
Comparing Fig. 12 with Fig. 9 and Fig. 10, one can see

that the difference is only in the expression for NðQTÞ,
which has the following form

Nlarge mass diffractionðQTÞ

¼
Z

dy0ϕN
GðY − y0;QT ¼ 0; qT; q0TÞ

× d2q0TG3Pðq0T ; k0T; l0T; QTÞ: ð39Þ

We can obtain the form of G3P in momentum space starting
from the coordinate representation, where the contribution
of the triple Pomeron diagram of Fig. 13 is known [27,28],
as follows:

ᾱS

Z
d2x0d2x1d2x2
x201x

2
02x

2
21

Nðx001; x01; b − b0;Y − y0Þ

× N
�
x002; x02; b

0 −
1

2
x21; y0 − y1

�

× N
�
x021; x21; b

0 −
1

2
x02; y0 − y2

�
: ð40Þ

Introducing [18]

Nðx01; b;YÞ ¼ x201

Z
d2kd2QTeikT ·x01þiQT ·bNðkT;QTÞ;

ð41Þ

we see that Eq. (41) can be rewritten in the form

ᾱS

Z
d2q0TNðqT; q0T;QT ¼ 0; Y − y0Þ

×G3Pðq0T ; k0T; l0T; QTÞNðk0T; kT; QT; y0 − y1Þ
× Nðl0T; lT;−QT; y0 − y2Þ; ð42Þ

with

G3Pðq0T ; k0T; l0T; QTÞ ¼ δð2Þ
�
k0T − q0 þ 1

2
QT

�

× δð2Þ
�
l0T − q0 −

1

2
QT

�
: ð43Þ

In Eq. (39) we use the following notation for
ϕN
GðY − y0;QT ¼ 0; ki; kfÞ: Y − y0 is the rapidity, QT is

the momentum transfer of the BFKL Pomeron, ki and kf
are initial and final transverse momenta. Plugging Eq. (43)
into the general expression for the interference diagram of
Fig. 12(b), we see that instead of Eq. (34) we obtain

d2σ
dy1dy2d2pT1d2pT2

ðFig:12 − bÞ

¼ 1

2

�
2πᾱS
CF

�
2
Z

d2QTGDðQT − pT;12Þ
Z

dy0
Z

ϕN
GðY − y0;QT ¼ 0; qT; q0TÞd2q0T

×

�
GBFKL

�
y0 − y1;pT;12; q0T −

1

2
pT;12; kT

�
1

k2TðkT − pT;12Þ2ðkT − pT;1Þ4
GBFKLðy2; 0; kT − pT1; kNÞ

×

�ðkT − pT;12Þ2ðkT − pT;1Þ2
p2
T2

þ k2TðkT − pT;1 − pT;12Þ2
p1
T2

− p2
T;12 − p2

T;12
k2TðkT − pT;12Þ2

p1
T2p

2
T;2

��

×

�Z
d2lTGBFKL

�
y0 − y1;pT;12; q0T þ 1

2
pT;12; lT

�
1

l2TðlT þ pT;12Þ2ðlT − pT;2Þ4
GBFKLðy2; 0; lT − pT2; lNÞ

×

�ðlT þ pT;12Þ2ðlT − pT;1Þ2
p2
T2

þ l2TðlT − pT;2Þ2
p1
T2

− p2
T;12 − p2

T;12
l2TðlT þ pT;12Þ2

p1
T2p

2
T;2

��
: ð44Þ
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FIG. 13. The triple BFKL Pomeron vertex in coordinate and momentum representations. The blue blob denotes the triple Pomeron
vertex.
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The main difference between Eq. (44) and Eq. (34) is that
q0T is larger than qT ≈ 1=RN . Indeed, the typical value of
q0T ¼ QsðY − y0Þ ∼ ð1=R2

NÞ exp ðλðY − y0ÞÞ, where λ ¼
ωðγcr; 0Þ=ð1 − γcrÞ with γcr ¼ 0.37 in leading order of
perturbative QCD [18].
From Eq. (A16) one can see that each ϕN

DðY − y0Þ ∝
eωð12;0ÞðY−y0Þ, ϕN

Dðy0 − y1Þ ∝ eωð12;0Þðy0−y1Þ, and ϕN
Dðy0 − y2Þ ∝

eωð12;0Þðy0−y2Þ since γ ¼ 1
2
þ iν with small ν. Therefore,

integration over y0 results in Y − y0 ∼ 1=ωð1
2
; 0Þ ∝ 1=ᾱS,

while y0 − y1 and y0 − y2 are large (of the order of Y).
Since Y − y0 ≪ y0 − y1 (Y − y0 ≪ y0 − y2), we can use the
factorized formula of Eq. (A15) for ϕN

Gðy0 − y1;pT;12;

q0T − 1
2
pT;12; kTÞ and for ϕN

Gðy0−y1;pT;12;q0Tþ1
2
pT;12;lTÞ.

Using Eq. (A15) we find that pT;12 will be determined by
the lowest momenta in the BFKL Pomeron with y0 − y1,
and it will have the form

CðpT;12Þ ∝
Z

d2q0TI−γðq0TÞVγ

�
q0T −

1

2
QT;QT

�

× Vγ

�
q0T þ 1

2
QT;QT

�
; ð45Þ

where V is determined by Eq. (A12), and QT ¼ pT;12. In
Eq. (45) we can put γ ¼ 1

2
, assuming y0 − y1 is sufficiently

large that we can neglect ν.

IV. BOSE-EINSTEIN CORRELATION FUNCTION
IN THE NUCLEON-NUCLEON INTERACTION

In this section we discuss the Bose-Einstein correlations
in nucleon-nucleon scattering. The Mueller diagrams for
the square of the diagrams Fig. 1(a) and Fig. 1(b), and for
the interference diagrams, are shown in Fig. 14. This differs
from the diagrams that have been discussed above only in
the appearance of the secondNðQTÞ, which reflects the fact
that we do not have small (about 1=RD) momenta in this

process. Note that we can use perturbative QCD only if
pT1 ∼ pT2 ≫ 1=RN . Recalling that the QT dependence of
the BFKL Pomeron is determined by the smallest trans-
verse momentum, we conclude that in Fig. 14 the QT
dependence is determined by the function NðQTÞ. For the
first two contributions to NðQTÞ [see Fig. 11(a)], this is
accurate to the order of 1=ðRNpT1Þ. For the third contri-
bution of the large mass diffraction, the accuracy is about
Qs=pT1, whereQs denotes the saturation momentum of the
BFKL Pomeron with rapidity Y − y0.
In spite of the fact that we indicate in Fig. 11(a) the

sources of experimental information on each contribution,
the situation turns out to be more complicated. As an
example, we discuss the elastic contribution. This gives
NðQTÞ ¼ g2ðQTÞ, where gðQTÞ is the Pomeron-hadron
vertex. At first, we appear to be able to extract this vertex
directly from the experimental values of dσel=dt. However,
this is certainly not correct. Indeed, the BFKL Pomeron
cannot explain the shrinkage of the diffraction peak which
is seen experimentally and which gives almost half of the
slope of the elastic cross section for the energy range W ¼
40–7000 GeV [29]. In the only model [30] for the soft
interaction at high energy that is based on the BFKL
Pomeron and color glass condensate (CGC) approach
[31,32], the effective shrinkage of the diffraction peak
stems from strong shadowing corrections, which lead to an
elastic amplitude that is different from that for the exchange
of the BFKL Pomeron. However, it turns out that the most
essential shadowing corrections originate from the BFKL
Pomeron interaction of two scattering hadrons. Such
corrections do not contribute to the inclusive cross sections
nor to the correlation due to AGK cutting rules [20].
It turns out to be an even more complicated problem to

extract, from the experimental data, the diffraction con-
tribution to NðQTÞ in the region of small masses. The lack
of a theory, as well as insufficient experimental data,
especially of the momentum transfer distribution of the

N(Q )

(y , p  )
1 T1

k
− k + Q T

Y

0

l

(y , p  )
2 T2

− l − Q T

QT QT

T

Q  −  pT T,12 Q   − pT T,12

(y , p  )
1 T1

(y , p  )
1 T1

k − k + Q T

Y

0

l

(y , p  )
2 T2

− l − Q T

QT QT

Q  −  pT T,12 Q   − pT T,12

(y , p  )
1 T1

(y , p  )
2 T2

TN(Q )

FIG. 14. The Mueller diagram for the double inclusive production of two gluons with rapidities y1 and y2 and transverse momenta pT1
and pT2 in the nucleon-nucleon interaction. The BFKL Pomerons are denoted by wavy lines. The first diagram corresponds to the square
of the amplitude for two-parton-shower production, while the second diagram describes the interference.
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diffractively produced state with fixed mass, leads to the
necessity of modeling this process. The two extreme cases
of such a modeling illustrate the difficulties: in our model
[30] the rich variety of the produced states were replaced by
a single state, and in the constituent quark model (CQM)
[33] the small mass diffraction stems from production of
the state of free three-constituent quarks. In our model the
typical slope for gdiffðQTÞ ∝ exp ð−BQ2

TÞ turns out to be
1=4 from the elastic slope, while in the CQM the size of the
constituent quark is very small.
Taking the above into consideration, the uncertainties in

the large mass diffraction term look small, and for the
triple BFKL Pomeron vertex, both its value and transverse

momentum dependence follow directly from the Balitsky-
Kovchegov equation [31]. Bearing this in mind, we can
write the expression for the interference diagram of Fig. 14
for the large mass diffraction contribution (see Fig. 11). As
we have discussed in this case, QT ∼QsðY − y0Þ ≪
minfpT1ðpT2Þ; Qsðy0 − y1Þg, jQT − pT;12j ∼QsðY − y0Þ ≪
minfpT1ðpT2Þ; Qsðy0 − y1Þg, and k0T ∼minfpT1ðpT2Þ;
Qsðy0 − y1Þg (l0T ∼minfpT1ðpT2Þ; Qsðy0 − y1Þg). Hence,
we can use the factorized form for ϕG

N given by
Eq. (A15) and Eq. (A16).
Finally, the large mass contribution for the interference

diagram takes the form

d2σ
dy1dy2d2pT1d2pT2

ðFig:14; interference diagramÞ

¼ 1

2

1

N2
c − 1

�
2πᾱS
CF

�
2 1

p2
T1p

2
T2

Z
dy0

Z
ϕN
GðY − y0;QT ¼ 0;qN; q0TÞ

×
Z

d2q0Td
2kTGBFKL

�
y0 − y1;QT ;q0T −

1

2
QT; kT

�Z
dy00GBFKL

�
y2 − y00;QT − pT;12;kT − pT1;m0

T −
1

2
ðQT − pT;12Þ

�

×
Z

d2lTd2m0
TG

BFKL

�
y0 − y1;QT;q0T þ

1

2
QT; lT

�
GBFKL

�
y2 − y00;QT − pT;12; lT − pT2;m0

T þ
1

2
ðQT − pT;12Þ

�

× ϕN
Gðy00;QT ¼ 0;mN;m0

TÞ: ð46Þ

In the diagram for the square of the amplitude we can put pT;12 ¼ 0. Thus, the correlation function with the correlation
length of the order of 1=QsðY − y0Þ takes the following form

CðpT;12=QsÞ ¼
1

2

1

N2
c − 1

N
D
; ð47Þ

where

N ¼
Z

d2QT

Z
dy0

Z
ϕN
GðY − y0;QT ¼ 0;qN;q0TÞ

×
Z

d2q0Td
2kTGBFKL

�
y0 − y1;QT ;q0T −

1

2
QT; kT

�Z
dy00GBFKL

�
y2 − y00;QT − pT;12;kT − pT1;m0

T −
1

2
ðQT − pT;12Þ

�

×
Z

d2lTd2m0
TG

BFKL

�
y0 − y1;QT;q0T þ

1

2
QT; lT

�
GBFKL

�
y2 − y00;QT − pT;12; lT − pT2;m0

T þ
1

2
ðQT − pT;12Þ

�

×ϕN
Gðy00;QT ¼ 0;mN;m0

TÞ ð48Þ

and

D ¼
Z

d2QT

Z
dy0

Z
ϕN
GðY − y0;QT ¼ 0; qN; q0TÞ

×
Z

d2q0Td
2kTϕN

G

�
y0 − y1;QT ; q0T −

1

2
QT; kT

�Z
dy00ϕN

G

�
y2 − y00;QT − pT;12; kT − pT1;m0

T −
1

2
QT

�

×
Z

d2lTd2m0
Tϕ

N
G

�
y0 − y1;QT; q0T þ 1

2
QT; lT

�
ϕN
G

�
y2 − y00;QT ; lT;m0

T þ 1

2
QT

�
ϕN
Gðy00;QT ¼ 0;mN;m0

TÞ: ð49Þ

The rather long algebraic expression of Eq. (48) and Eq. (49) can be simplified using Eq. (A17), and they take the
following forms:
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N ¼
Z

d2QT

Z
dy0e2ωð12;0Þy0d2q0Tϕ

N
GðY − y0;QT ¼ 0; qN; q0TÞ

V1
2
ðq0T ;QT − 1

2
pT;12ÞV1

2
ðq0T ;QT þ 1

2
pT;12Þ

jQT − 1
2
pT;12jjQT þ 1

2
pT;12j

×
Z

dy00e2ωð12;0Þy00d2l0Tϕ
N
Gðy00;QT ¼ 0; lN; l0TÞ

V1
2
ðl0T ;QTÞV1

2
ðl0T ;QTÞ

Q2
T

; ð50Þ

D ¼
Z

d2QT

Z
dy0e2ωð12;0Þy0d2q0Tϕ

N
GðY − y0;QT ¼ 0; qN; q0TÞ

V1
2
ðq0T ;QTÞV1

2
ðq0T;QTÞ

Q2
T

×
Z

dy00e2ωð12;0Þy00d2l0Tϕ
N
Gðy00;QT ¼ 0; lN; l0TÞ

V1
2
ðl0T;QTÞV1

2
ðl0T ;QTÞ

Q2
T

: ð51Þ

V. ᾱSðy1 − y2Þ ≫ 1

All our previous estimates were performed for small
rapidity difference ᾱSjy1 − y2j ≤ 1. In this section we
discuss large rapidity differences (ᾱSjy1 − y2j ≥ 1). For
simplicity, we consider only correlations with the typical
length of the order of RD. In other words, we discuss the
generalization of Fig. 7 and Fig. 8 to the case of large
y12 ¼ jy1 − y2j. This generalization is shown in Fig. 15 for
the interference diagrams. The new features here are that at
rapidity y01 < y1, we need to emit an additional gluon and
integrate over both its rapidity (y01) and its transferred
momentum (p0

T1). Indeed, without this emission the ladder
between rapidities y01 and y02 in Fig. 15(b) will be in the
octet state of color SU3. The main idea is that the principle
contribution stems from p0

T1 ≪ pT1. In this case the BFKL
Pomeron between rapidities y01 and y02 has a momentum
transfer which is equal to pT1. After emission of two extra

gluons with rapidities y02 and y2, we obtain that the lower
BFKL Pomeron has momentum transfer pT;12, as in the
right side of Fig. 8. In this diagram QT ∝ 1=RD and can be
put equal to zero in all parts of the diagrams, except GðQTÞ
and GðQT − pT;12Þ.
First, we need to integrate over p0

T1. The vertex of the
emission is shown in Fig. 16, which can be written as

ᾱ2SΓμðkT; pT1ÞΓμðlT; pT1Þ
1

k02Tl
02
T
Γνðk0T; pT1Þ

× Γνðl0T; pT1Þ
1

k002Tl
002
T

ð52Þ

with k0T ¼ kT − pT1 and k00T ¼ k0T − p0T1 ¼ kT − pT1 − p0T1.
Plugging in Eq. (5), Eq. (6), and Eq. (26), one can see that
Eq. (52) takes the form

− k + Q Tl − l − Q Tk

(y’ , p’  )1 T1

(y , p  )
1 T1

(y , p )2 T2

(y’ , p’  )
2 T2

Y

0

Y

0

G(Q )

− k + Q T
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− l − Q T

QT QT

Q   − pT T,12

l

Q   − pT T,12

(y , p  )
2 T2

(y’ , p’  )2 T2

k(y , p  )
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(y’ , p’  )1 T1

(b)(a)

q m

FIG. 15. The double inclusive production of two gluons with rapidities y1 and y2 in the case of large jy1 − y2j ( ᾱSjy1 − y2j ≫ 1) and
transverse momenta pT1 and pT2 for the exchange of two BFKL Pomerons which are denoted by wavy lines. This diagram is the LLA
generalization of Fig. 8. The solid lines denote nucleons in the deuterons, which are illustrated by double lines. Figure 15(a) describes
the emission of extra gluons with rapidities y1 > yi > y2. The ladder in Fig. 15(b) represents the BFKL Pomeron with the momentum
transferred pT1 þ p0T1 ≈ pT1 for p0

T1 ≪ pT2 (see the text).
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ᾱ2S

Z
d2p0

T1
1

p2
T1

�
k2T
k02T

þ l2T
l02T

−
p2
T1

k02Tl
02
T

�
1

p02
T1

�
k02T
k002T

þ l02T
l002T

−
p02

T1

k002Tl
002
T

�

→
p0
T1≪k0Tðl0TÞ

2ᾱ2S

Z
k0T d2p0

T1

p02
T1

	
1

p2
T1

�
k2T
k02T

þ l2T
l02T

−
p2
T1

k02Tl
02
T

�


¼ 2ᾱ2S

Z
minfk0T ;l0Tg d2p0

T1

p02
T1

KðkT − lT; kT; k0TÞ: ð53Þ

Note that the term ½…� is the same as in Fig. 8 and KðkT − lT; kT; k0TÞ is given by Eq. (27).
Finally, we obtain the following expression for the interference diagram of Fig. 16:

d2σ
dy1dy2d2pT1d2pT2

ðFig:15 − bÞ

¼ 2

�
2πᾱS
CF

�
2

ᾱ2S

Z
d2QTGDðQTÞGDðQT − pT;12Þ

Z
d2kT

Z
d2lTϕN

GðY − y1; kT;−kTÞϕN
GðY − y1; lT;−lTÞ

×
Z

minfk0T ;l0Tg
Z

y1
dy01

d2p0
T1

p02
T1

KðkT − lT; kT; k0TÞ
Z
y2

dy02

Z
minfq0T ;m0

Tg d2p0
T2

p02
T2

KðqT −mT; qT; q0TÞ

×
Z

d2qT

Z
d2mTGBFKLðy01 − y02; pT1; k

0
T − p0T1; q

0
T þ p0T2ÞGBFKLðy01 − y02;−pT1; l0T − p0T1;m

0
T þ p0T2Þ

× ϕN
Gðy2; qT − pT1;−qT þ pT2ÞϕN

Gðy2;mT;−mTÞ: ð54Þ

In Eq. (54) we put QT ¼ 0 everywhere, except in
GDðQTÞ and GDðQT − pT;12Þ, since QT ∼ 1=RD ≪ all
other momenta. At first Eq. (54) appears to give a cross
section which is suppressed as ᾱ2S in comparison with
Eq. (28). However, the integration over y01 and y02 leads to
1=ᾱ2S contributions, resulting in a cross section of the order
of ᾱ2S. One can also see that the cross section does not
depend on the rapidity difference y12 for the large values of
this difference.
The generalization to other cases, which we have

considered above, is straightforward, and we do not discuss
it here.

VI. CONCLUSIONS

A. Comparison with other estimates
in perturbative QCD

The first estimate of the azimuthal correlations due to the
Bose-Einstein correlation in perturbative QCD was per-
formed inRef. [2] (see alsoRef. [3]). The diagrams that were
considered in these papers are shown in Fig. 17(a). The
observation is that these diagrams give rather strong azimu-
thal correlations, but they are symmetric with respect toϕ →
π − ϕ and only generate vn with even n. The general origin
of this symmetry was discussed in section II-B for slightly
different diagrams. In Refs. [2,3] the QT dependence was
neglected, leading to δ function contributions which were
smeared out byQT dependance with QT ∼ 1=R, where R is
the size of the interacting dipoles in Fig. 17(a).
Since Fig. 17(a) describes the production of two identical

gluons in the dipole-dipole amplitude in the Born approxi-
mation of perturbative QCD, these diagrams are respon-
sible for the azimuthal correlations in the one-parton
cascade shown in Fig. 17(b). It is worthwhile to mention
that the diagram of Fig. 17(a) leads to a contribution which
is proportional to exp ð−ωð1

2
; 0Þy12Þ and describes the

correlations that decrease for large y12. Therefore, only
for ωð1

2
; 0Þy12 ≪ 1 can we consider this diagram as a

source of correlations which are independent of y12.
Taking into account the emission of gluons, we can

generalize the diagram of Fig. 17(a) to the diagram of
Fig. 18. We have considered this diagram above and have

lk − l

(y , p  )
1 T1

(y’ , p’  )1 T1

k’

k’’

− l

− l

FIG. 16. The part of the diagram of Fig. 15(a) with the vertex of
emission of two gluons.
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shown that there is no symmetry with respect of ϕ → π − ϕ
in such diagrams. Therefore, we conclude that the sym-
metry ϕ → π − ϕ is a feature of the azimuthal correlations
in the one-parton shower in the Born approximation of
perturbative QCD.

B. Summary

In this paper, we found that, within the framework of
perturbative QCD, the Bose-Einstein correlations due to
two-parton-shower production induce azimuthal angle
correlations with three correlation lengths: the size of the
deuteron, the proton radius, and the size of the BFKL
Pomeron, which is closely related to the saturation momen-
tum (Rc ∼ 1=Qs). These correlations are independent of the
values of rapidities of produced gluons (long range rapidity
correlations) and have no symmetry with respect to ϕ →
π − ϕ (pT1 → −pT1). Therefore, they give rise to vn for all
values of n, not only for even values.
We reproduce the results of Refs. [2,3], which show this

symmetry in the Born approximation of perturbative QCD.
However, even in the Born approximation, this symmetry
depends on the amplitude of the gluon-nucleon interaction
at large distances of about the nucleon size; therefore, it
inherently has a nonperturbative nature. Replacing the
nucleon with an onium (the quark-antiquark bound state
of heavy quarks), we see that symmetry ϕ → π − ϕ

(pT1 → −pT1), does not hold for distances of the order
of the size of the onium.
We demonstrated that the azimuthal correlations with the

correlation length (Rc) of about the size of the deuteron and
the size of nucleon stem from a nonperturbative contribu-
tion. Further, their estimates demand a lot of modeling due
to the embryonic state of the theory in the nonperturbative
region. However, the correlations with Rc ∼ 1=Qs have a
perturbative origin and can be evaluated in the framework
of the CGC approach.
We showed that the two-parton-shower contributions

generate long range rapidity azimuthal angle correlations,
which intuitively have been expected. In other words, we
demonstrated that the azimuthal angle correlations do not
depend on y12¼jy1−y2j for large values of y12 (ᾱSy12 ≥ 1).
We illustrated that the correlations of Refs. [2,3] actually
describe the correlations in a one-parton shower and can be
viewed, as they are independent of the rapidity difference
only in the narrow rapidity window ᾱSy12 ≪ 1.

ACKNOWLEDGMENTS

We thank our colleagues at Tel Aviv University and
UTFSM for encouraging discussions. Our special thanks
go to Carlos Cantreras, Alex Kovner, and Michel Lublinsky
for elucidating discussions on the subject of this paper. This
research was supported by the BSF Grant No. 2012124, by
Proyecto Basal FB 0821 (Chile), Fondecyt (Chile) Grant
No. 1140842, and by CONICYT Grant No. PIA ACT1406.

APPENDIX A: QT DEPENDENCE
OF THE BFKL POMERON

The impact parameter dependence of the BFKL
Pomeron is well known [23], and it has the following
form for the scattering of two dipoles (r1 and r2) at impact
parameter b [23,34]:

NPðr1; r2;Y; bÞ ¼
Z

dγ
2πi

eωðγ;0ÞYHγðw;w�Þ; ðA1Þ

2

(y , k   )1 T1

(y , k   )2 T2

(a) (b)

FIG. 17. Figure 17(a) is taken from Ref. [2] and describes the correlation in a one-parton shower. These correlations are shown in
Fig. 17(b) in terms of gluon production in the single parton shower.
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FIG. 18. The generalized diagram of Fig. 17(a), taking into
account the gluon emission (two-parton-shower contribution).
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where

ωðγ; 0Þ ¼ ᾱSð2ψð1Þ − ψðγÞ − ψð1 − γÞÞ; ðA2Þ

and where ψðzÞ is the Euler ψðzÞ ¼ d lnΓðzÞ=dz (digamma
function) (see Ref. [35] formulas 8.360 − 8.367).

Hγðw;w�Þ

≡ ðγ − 1
2
Þ2

ðγð1 − γÞÞ2 fbγw
γw�γFðγ; γ; 2γ; wÞFðγ; γ; 2γ; w�Þ

þ b1−γw1−γw�1−γFð1 − γ; 1 − γ; 2 − 2γ; wÞ
× Fð1 − γ; 1 − γ; 2 − 2γ; w�Þg ðA3Þ

⟶
ww�≪1 ðγ − 1

2
Þ2

ðγð1 − γÞÞ2 fbγw
γw�γ þ b1−γw1−γw�1−γg; ðA4Þ

where F≡ 2F1 is hypergeometric function [35]. In
Eq. (A3) ww� is equal to

ww� ¼ r21r
2
2

ðb − 1
2
ðr1 − r2ÞÞ2ðbþ 1

2
ðr1 − r2ÞÞ2

; ðA5Þ

and bγ is given by

bγ ¼ π324ð1=2−γÞ
ΓðγÞ

Γð1=2 − γÞ
Γð1 − γÞ

Γð1=2þ γÞ : ðA6Þ

From Eq. (A3) and Eq. (A5) we see that (i) b is about of the
size of the largest dipole (b ∼ r2 for r2 ≫ r1), and (ii) the

scattering amplitude has a symmetry with respect to
b → −b. QT is the conjugate variable to b, and since

NPðr1; r2; b;YÞ ¼ r21r
2
2

Z
d2kd2k0eikT ·r1þik0T ·r2

×
Z

d2QTeiQT ·bGBFKLðY;QT ; k0T; kTÞ;

ðA7Þ

we see that the value of typical QT ∝ 1=r2 ≈ 1=RN . In
Eq. (A7) GBFKLðy − y0;QT ; k0T; kTÞ denotes the BFKL
Pomeron Green function with the momentum transferred
QT and the transverse momenta of gluons kT at y and k0T at
y’. The initial condition for the BFKL Green function is the
exchange of two gluons at y ¼ y0.
In Eq. (A7), the value of r1 in our problem is about

1=pT1 or 1=pT2, and we trust perturbative QCD calcula-
tions only if pT1 ∼ pT2 ≫ 1=RN . Since r1 ≪ r2, we can use
Eq. (A4) and take ww� to be equal to

ww� ¼ r21r
2
2

ðb − 1
2
r2Þ2ðbþ 1

2
r2Þ2

: ðA8Þ

Bearing in mind that

IγðkÞ ¼
Z

d2r
ðr2Þγ e

ik·r ¼ 21−2γ
Γð1 − γÞ
ΓðγÞ

1

ðk2Þ1−γ ; ðA9Þ

by plugging Eq. (A9) into Eq. (A7), we obtain

GBFKLðγ;QT ; k0T; kTÞ ¼
ðγ − 1

2
Þ2

ðγð1 − γÞÞ2
�
bγ

Z
d2m0

TI1−γðk0T −m0
TÞIγ

�
m0 −

1

2
QT

�
Iγ

�
m0 þ 1

2
QT

�
I1−γðkTÞ

þ b1−γ

Z
d2mTIγðk0T −mTÞI1−γ

�
m −

1

2
QT

�
I1−γ

�
mþ 1

2
QT

�
IγðkTÞ

�
: ðA10Þ

The integrals over m0 can be taken by replacing vector variables with the complex coordinates [23]

k → ρk ¼ kx þ iky; ρ�k ¼ kx − iky; ðA11Þ

where kx and ky denote the x and y projections of k. Using formula 3.197ð1Þ of Ref. [35], we can take integrals over
d2m0 ¼ dρm0dρ�m0 , as follows:

Vγðk0T ;QTÞ ¼
Z

d2m0
TI1−γðk0T −m0

TÞIγ
�
m0 −

1

2
QT

�
Iγ

�
m0 þ 1

2
QT

�

¼
Z

dρm0dρ�m0I1−γððρk − ρm0 ðρ�k − ρ�m0 ÞÞIγ
��

ρm0 þ 1

2
ρQ

��
ρ�m0 þ 1

2
ρ�Q

��
Iγ

��
ρm0 −

1

2
ρQ

��
ρ�m0 −

1

2
ρ�Q

��

¼ 22−4γΓ4ð1 − γÞ 1

ððkT − 1
2
QTÞ2Þγ

1

ðQ2
TÞ1−2γ

F

�
γ; γ; 1;

ρk þ 1
2
ρQ

ρk − 1
2
ρQ

�
F

�
γ; γ; 1;

ρ�k þ 1
2
ρ�Q

ρ�k −
1
2
ρ�Q

�
; ðA12Þ
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¼ ð9:1311 of Ref: ½31�Þ22−4γΓ4ð1 − γÞ 1

ðQ2
TÞγ

F

�
γ; 1 − γ; 1;

ρk þ ρQ
ρQ

�
F

�
γ; 1 − γ; 1;

ρ�k þ ρ�Q
ρ�Q

�
; ðA13Þ

¼ ð9:1322 of Ref: ½31�Þ22−4γΓ4ð1 − γÞ 1

ððkT þ QTÞ2Þγ

×
�
Γð1 − 2γÞ
Γ2ð1 − γÞ F

�
γ; γ; 2γ;

ρQ
ρk þ ρQ

�
þ
�

ρQ
ρk þ ρQ

�
1−2γ Γð−1þ 2γÞ

Γ2ð1γÞ F
�
1 − γ; 1 − γ; 2ð1 − γÞ; ρQ

ρk þ ρQ

��

×

�
Γð1 − 2γÞ
Γ2ð1 − γÞ F

�
γ; γ; 2γ;

ρ�Q
ρ�k þ ρ�Q

�
þ
�

ρ�Q
ρ�k þ ρ�Q

�
1−2γ Γð−1þ 2γÞ

Γ2ð1γÞ F

�
1 − γ; 1 − γ; 2ð1 − γÞ; ρ�Q

ρ�k þ ρ�Q

��
: ðA14Þ

Plugging Eq. (A11) into Eq. (A10), one can see that
ϕN
Gðγ; k0T; kT;QTÞ can be written in the factorized form

GBFKLðγ;QT ; k0T; kTÞ ¼ Vγðk0T ;QTÞIγðkTÞ
þ V1−γðk0T ;QTÞI1−γðkTÞ: ðA15Þ

ϕN
G in the rapidity representation can be calculated as

GBFKLðY; ;QT ; k0T; kTÞ

¼
Z

ϵþi∞

ϵ−i∞

dγ
2πi

eωðγ;0ÞYGBFKLðγ; k0T; kT;QTÞ: ðA16Þ

Taking the integral over γ in Eq. (A16) by the method of
steepest descent [18], we see that for large Y ≫ 1 the
essential γ ¼ 1

2
þ iν, where ν is small. Bearing this in

mind, we can see from Eq. (A13) that at large QT ≫ k0T ,
GBFKLðY;;QT ;k0T;kTÞ∝1=ðQ2

TÞγ≈1=QT . At QT→0QT ≫
k0TG

BFKLðY; ;QT ; k0T; kTÞ → Const. Therefore, we con-
clude that the typical value QT in the BFKL Pomeron is
about k0T , the smallest transverse momenta.
At large Y we can simplify Eq. (A16) using Eq. (A15)

and the small size of ν. Plugging GBFKLðY; ;QT ; k0T; kTÞ
from Eq. (A15) into Eq. (A16), we have

GBFKLðY;QT ; k0T; kTÞ

¼
Z

ϵþi∞

ϵ−i∞

dγ
2πi

eωðγ;0ÞY2V1
2
þiνðk0T;QTÞIγðkTÞ

⟶
ν≪1 2Cðγ ¼ 1

2
Þ

k0TkT
V1

2
ðk0T;QTÞ

×
Z þ∞þiϵ

−∞þiϵ

dν
2π

eðωð12;0Þ−Dν2ÞYþiν lnðk2T=k02T Þ

¼ 2Cðγ ¼ 1
2
Þ

k0TkT
V1

2
ðk0T;QTÞ

� ffiffiffiffiffiffiffi
2π

DY

r
eωð12;0ÞY−

ln2ðk02
T
=k2
T
Þ

4DY

�
:

ðA17Þ

The integral in Eq. (A17) is taken in the saddle point
approximation with νSP ¼ i ln ðk2T=k02TÞ=2DY ≪ 1

and ωð1
2
¼ iν; 0Þ ¼ ωð1

2
; 0Þ −Dν2.

APPENDIX B: THE BFKL
POMERON-ONIUM VERTEX

The scattering amplitude of a dipole of size x01 with an
onium has the following form:

AðY; x01;QTÞ ¼
Z

d2x001e
ix001·QTΨ�

oniumðx001Þ

× NðY; x001; x01; QTÞΨ�
oniumðx001Þ: ðB1Þ

In the momentum representation it can be written as

Aðγ; k0T; kT; QTÞ
¼ ðFðQTÞ − Fð2k0T − QTÞÞ

×
Z

d2x001e
−ik0T ·x001−ikT ·x01Nðγ; x001; x01; QTÞ=x201:

ðB2Þ

The amplitude e−ik
0
T ·x001−ikT ·x01Nðγ; x001; x01; QTÞ=x201 can be

written in the factorized form of Eq. (A15)

e−ik
0
T ·x001−ikT ·x01Nðγ; x001; x01; QTÞ=x201
¼ Vpr

γ ðk0T ;QTÞNγðkTÞ þ Vpr
1−γðk0T ;QTÞN1−γðkTÞ; ðB3Þ

where Vpr
γ ðk0T;QTÞ is equal to
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Vpr
γ ðk0T ;QTÞ ¼

Z
d2m0

TI−γðk0T −m0
TÞIγ

�
m0 −

1

2
QT

�
Iγ

�
m0 þ 1

2
QT

�

¼
Z

dρm0dρ�m0I−γððρk − ρm0 ðρ�k − ρ�m0 ÞÞIγ
��

ρm0 þ 1

2
ρQ

��
ρ�m0 þ 1

2
ρ�Q

��
Iγ

��
ρm0 −

1

2
ρQ

��
ρ�m0 −

1

2
ρ�Q

��

¼ 23−2γ
Γð1þ γÞΓ2ð1 − γÞ

Γð−γÞΓ2ðγÞ
1

ððkT − 1
2
QTÞ2Þ1þγ

1

ðQ2
TÞ1−2γ

F

�
1þ γ; γ; 2;

ρk þ 1
2
ρQ

ρk − 1
2
ρQ

�
F

�
1þ γ; γ; 2;

ρ�k þ 1
2
ρ�Q

ρ�k −
1
2
ρ�Q

�
:

ðB4Þ

Finally, the BFKL Pomeron-onium vertex takes the form

Vonium
γ ðQTÞ ¼

Z
d2k0TðFðQTÞ − Fð2k0T − QTÞÞVpr

γ ðk0T ;QTÞ: ðB5Þ
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